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1 Mapping Unit Square to Quadrilateral

The problem of mapping the unit square to a quadrilateral can be solved by considering the problem in a
three dimensional setting. Translate one vertex of the quadrilateral to the origin (say this is q,,). Label the
other vertices in counterclockwise order as q(, q;1, and qy;. The plane containing these points is z = 0 and
has normal (0,0,1). Select an eye point E = (eg, e1,e2). Rotate the plane of the quadrilateral so that its
normal is N = (ng,n1,n2). The quadrilateral can be projected onto the viewing plane z = 0 by a perspective
projection. The idea is to choose an eye point E and normal N so that the projection is the unit square
with vertices (0,0,0), (1,0,0), (0,1,0), and (1, 1,0).

Let i = (1,0,0), j = (0,1,0), k = (0,0,1), and & = (z,y,0). The perspective mapping involves finding the
intersection of the line (1 — t)€ + tE with the plane N - £ = 0. Replacing the line equation in the plane
equation, solving for ¢, the mapping is
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The four rays through the quadrilateral points on the plane N - (z,y, 2) = 0 must intersect the four corners
of the square. Let py, Py, and py; be the four quadrilateral points in that plane. Then

(N DHE-(N-E)i

Pio = N'(i*E) ‘
_ (NHE-NE)j
b NGB o
_ (NG E-N-Ei+))
P11 N.i+j-E)

Also, p;; = apyg + Opg;- The equation for p;; can be solved for o and 8 using the two equations for py,
and pg;:
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The equations for a and  can be rewritten as

Vector N may be selected as the cross product of the two vectors which are perpendicular to it,

N = ((8—1)ez, (= 1eg, (a+ 5= 1) + (1 = Bleo + (1 — a)er).

Consequently,
N-(E-i) = ae
N-(E-j) = Pe
N-(E-i-j) = e
N-E = (a+8—-1es



The general mapping is
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Rotating the plane back to z = 0 and translating the origin back to the original vertex, the mapping is
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q—9qp = ( (o1 — Qo0)-

2 Mapping Unit Cube to Cuboid

The problem of mapping the unit cube to a cuboid can be solved by considering the problem in a four
dimensional setting (coordinates are (z,y,z,w)). Translate one vertex of the cuboid to the origin (say
this is qgqo). Label the other vertices as qq9, 910> Qo015 91105 D101+ Do11, and qq17- The ordering of the
vertices corresponds to the ordering of those in the cube whose vertices are the subscripts of the q values. The
hyperplane containing these points is z = 0 and has normal (0,0, 0, 1). Select an eye point E = (eq, €1, €2, €3).
Rotate the hyperplane of the cuboid so that its normal is N = (ng, n1,n2,n3). The cuboid can be projected
onto the viewing volume w = 0 by a perspective projection. The idea is to choose an eye point E and normal
N so that the projection is the unit cube with vertices (0,0, 0), (1,0,0), (0,1,0), (0,0,1), (1,1,0), (1,0,1),
(0,1,1), and (1,1,1).

Leti=(1,0,0,0),j=(0,1,0,0),k = (0,0,1,0), £ = (0,0,0,1), and & = (x,y, 2,0). The perspective mapping
involves finding the intersection of the line (1 —¢)€ +tE with the plane N-& = 0. Replacing the line equation
in the plane equation, solving for ¢, the mapping is
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The eight rays through the cuboid points on the hyperplane N - (z,y, z,w) = 0 must intersect the eight
corners of the cube. Let p,;;, be the eight cuboid points in the hyperplane. Then
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where by, are the eight vertices of the cube.

Also, P11 = aP1go + BPo1o + YPoo1- This equations can be solved using the other equations
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The equations for a, (3, and vy can be rewritten as

N - ((a=1)(E—-i)—aj—ak=0
N-((B-1)(E-j)—pi-pk)=0
N-(h-1D)E-k) —yi-7=0

Vector N may be selected as the generalized cross product of the three vectors which are perpendicular to
it,

no = (~1—a+G+7)es,
n = (-1+a—pB+7)es,
ny = (=1+a+p8—7)es,
ng=(a+B+y-1)+1+a-F-7e+(l-at+f-yer+(l—-a—pB+7)e.
Consequently,
N-(E—-i) = 2aes
N-(E-j) = 20es
N-(E-k) = 2vyes
N-E-i-j) = (I+a+8-7)es
N-(E-i—k) = (1+a—0+7)es
N-(E-j—k) = (I1-a+pB+7)es
N-E—i-j-k = 2
N-E = (a+8+7v—1)es

Because the object is a cuboid, there are some restrictions on its vertices. If the other vertices are defined as

Pi1o = YoP10o t Y1Po10

Pigr = UoPigo T U2Poo1

Poi1 = WiPo10 T W2Pgo1

Then

N ((vo = 1)(E — 1) — woj) =
N:-((rn—1)(E—-j)—mi)=0
N ((up—1)(E—1i) —uok) =0
N ((uz — 1)(E — k) — usi) =
N ((wy — )(E —j) —wik)=0
N (w2 = 1)(E — k) — wsj) =



which implies the conditions
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The general mapping is
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where
A=(a+8+7-1)+Q+a-F—y)z+1l-a+F—y+1l—-—a—-F+7)z
Rotating the plane back to z = 0 and translating the origin back to the original vertex, the mapping is

2az 20y 2vz
q—dpoo = T(‘hoo — dggo) + T(‘lom — dgoo) + T(Qom — doop)-
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