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1 Introduction

It is, of course, well known how to solve systems of linear equations. Given n equations in m unknowns,
Z;n:O a;;x; = b; for 0 < i < n, let the system be represented in matrix form by Ax = b where A = [a;;] is
nxm,x = [z;]is mx 1, and b= [b;] is n x 1. The n x (m + 1) augmented matrix [A|b] is constructed and
row-reduced to [E|c]. The augmented matrix has the properties:

e The first nonzero entry in each row is 1.
e If the first nonzero entry in row r is in column ¢, then all other entries in column c are 0.
e All zero rows occur last in the matrix.

e If the first nonzero entries in rows 1 through r occur in columns ¢; through c,, then ¢; < ... < ¢,.

If there is a row whose first m entries are zero, but the last entry is not zero, then the system of equations has
no solution. If there is no such row, let p = rank([E|c]) denote the number of nonzero rows of the augmented
matrix. If p = m, the system has exactly one solution. In this case F = I, the m x m identity matrix, and
the solution is x = c¢. If p < m, the system has infinitely many solutions, the solution set having dimension
m — p. In this case, the zero rows can be omitted to obtain the p x (m + 1) matrix [I,|F|c;] where I, is
the p x p identity matrix, F' is p x (m — p), and c4 consists of the first p entries of c¢. Let x be partitioned
into its first p components x and its remaining m — p components x_. The general solution to the system
is x4 = ¢4 — F'x_ where the x_ are the free parameters in the system.

Generic numerical linear system solvers for square systems (n = m) use row-reduction methods so that
(1) the order of time for the algorithm is small, in this case O(n?®), and (2) the calculations are robust
in the presence of a floating point number system. It is possible to solve a linear system using cofactor
expansions, but the order of time for the algorithm is O(n!) which makes this an expensive method for large
n. However, n = 3 for many computer graphics applications. The overhead for a generic row-reduction
solver normally uses more cycles than a simple cofactor expansion, and the matrix of coefficients for the
application are usually not singular (or nearly singular) so that robustness is not an issue, so for this size
system the cofactor expansion is a better choice.

Systems of polynomial equations also arise regularly in computer graphics applications. For example, de-
termining the intersection points of two circles in 2D is equivalent to solving two quadratic equations in
two unknowns. Determining if two ellipsoids in 3D intersect is equivalent to showing that a system of three
quadratic equations in three unknowns does not have any real-valued solutions. Computing the intersec-
tion points between a line and a polynomial patch involves setting up and solving systems of polynomial
equations. A method for solving such systems involves eliminating variables in much the same way that
you do for linear systems. However, the formal calculations have a flavor of cofactor expansions rather than
row-reductions.

2 Linear Equations in One Formal Variable

To motivate the general idea, consider a single equation ag + a;x = 0 in the variable x. If a; # 0, there is a
unique solution x = —ag/ay. If a3 = 0 and ag # 0, there are no solutions. If ag = a1 = 0, any « is a solution.



Now consider two equations in the same variable, ag + a1 = 0 and by + byz = 0 where a; # 0 and b; # 0.
The first equation is multiplied by by, the second equation is multiplied by a;, and the two equations are
subtracted to obtain agb; — a1bg = 0. This is a necessary condition that a value xz be a solution to both
equations. If the condition is satisfied, then solving the first equation yields x = —agp/a;. In terms of the
row-reduction method for linear systems discussed in the last section, n = 2, m = 1, and the augmented
matrix is listed below with its reduction steps:

aq —ag a1b1 —a0b1 a1b1 —Cl,ob1 1 —ao/a1

b1 7b0 a1b1 7&11)0 0 (10[)1 - a1b0 0 a0b1 - CleO

The condition agb; — a1bg is exactly the one mentioned in the previous section to guarantee that there is at
least one solution.

The row-reduction presented here is a formal construction. The existence of solutions and the solution z
itself are obtained as functions of the parameters ag, a1, by, and by of the system. These parameters are not
necessarily known scalars and can themselves depend on other variables. Suppose that ag = ¢p + c1y and
by = dy + dyy. The original two equations are a1z + c1y + ¢ = 0 and byz + d1y + dy = 0, a system of two
equations in two unknowns. The condition for existence of solutions is 0 = agby — a1by = (co + c1y)b1 —
a1 (do + d1y) = (bico — a1dp) + (bier — ardy)y. This condition is the result of starting with two equations
in unknowns = and y and eliminating x to obtain a single equation for y. The y-equation has a unique
solution as long as byc; — a1d; # 0. Once y is computed, then ag = ¢ + ¢1y is computed and = —ag/a; is
computed.

Let us modify the problem once more and additionally set a1 = ey + e1y and by = fo + fiy. The two
equations are

e1xy + epx +c1y +co =0
fizy + for +diy+do =0

This is a system of two quadratic equations in two unknowns. The condition for existence of solutions is

0 = aobl — a1b0
= (co+ay)(fo+ fiy) — (eo + e1y)(do + d1y)
= (cofo — eodo) + ((cof1 — eodo) + (c1fo — e1do))y + (cof1 — €1d1)y2~
This equation has at most two real-valued solutions for y. Each solution leads to a value for z = —agp/a1 =

—(co+c1y)/(eo+e1y). The two equations define hyperbolas in the plane whose asymptotes are axis-aligned.
Geometrically the two hyperbolas can only intersect in at most two points.

Similar constructions arise when there are additional linear equations. For example, if ag + a1z = 0,
bo 4+ b1z = 0, and ¢y + c1z = 0, then solving pairwise leads to the conditions for existence: agb; — a1bg = 0
and agc; — aico = 0. If both are satisfied, then a solution is x = —ag/a;. Allowing ag = ago + a10y + ao1 2,

bo = boo + b1oy + bo1z, and ¢ = cop + c10y + co12 leads to three linear equations in three unknowns. The
two conditions for existence are two linear equations in y and z, an elimination of the variable x. These two
equations can be further reduced by eliminating y in the same manner. Note that in using this approach,
there are many quantites of the form AB—CD. This is where my earlier comment comes in about the method
having a “flavor of cofactor expansions”. These terms are essentially determinants of 2 x 2 submatrices of
the augmented matrix.



3 Any Degree Equations in One Formal Variable

Consider the polynomial equation in z, f(z) = Y. ja;z* = 0. The roots to this equation can be found
either by closed form solutions when n < 4 or by numerical methods for any degree. How you go about
computing polynomial roots is not discussed in this document. If you have a second polynomial equation in
the same variable, g(z) = Z;n:o bjz? = 0, the problem is to determine conditions for existence of a solution,
just like we did in the last section. The assumption is that a,, # 0 and b,, # 0. The last section handled the
case when n =m = 1.

3.1 Casen=2and m=1

The equations are f(z) = asx? + ajr + ag = 0 and g(x) = byx + by = 0 where az # 0 and by # 0. It must
also be the case that

0=0b1f(x) — agzg(z) = (a1by — azbp)x + agby =: c1x + co

where the coefficients ¢y and ¢; are defined by the last equality in the displayed equation. The two equations
are now reduced to two linear equations, byz + bg = 0 and ¢y + ¢g = 0.

A bit more work must be done as compared to the last section. In that section the assumption was made
that the leading coefficients were nonzero (b; # 0 and ¢; # 0). In the current construction, ¢; is derived
from previously specified information, so we need to deal with the case when it is zero. If ¢; = 0, then ¢g =0
is necessary for there to be a solution. Since b; # 0 by assumption, ¢y = 0 implies ag = 0. The condition
c1 = 0 implies a1by = asbg. When ag = 0, a solution to the quadratic is z = 0. To be also a solution of
g(x) = 0, we need 0 = g(0) = by which in turn implies 0 = asby = a1by, or a; = 0 since b; # 0. In summary,
this is the case f(z) = agz? and g(z) = byz. Also when ag = 0, another root of the quadratic is determined
by asx+a; = 0. This equation and bz + by = 0 are the case discussed in the last section and can be reduced
appropriately.

One could also directly solve for z = —bg /by, substitute into the quadratic, and multiply by b7 to obtain the
existence condition a2b3 — a1boby + agh? = 0.

3.2 Casen=2and m=2

The equations are asz? + a1z + ag = 0 and byx? + byx + by = 0 where ay # 0 and by # 0. It must also be
the case that
0 =bof(x) — azg(x) = (a1bs — azb1)x + (aghs — azby) =: ¢z + co.

The two quadratic equations are reduced to a single linear equation whose coefficients ¢y and c¢; are defined
by the last equality in the displayed equation. If ¢; = 0, then for there to be solutions it is also necessary
that ¢y = 0. In this case, consider that

0 =bof(z) — apg(z) = (azbo — aob2)x* + (arby — agh1 )z = —coz® + (arby — agb1)x = (a1by — agbr)z.
If a1b0 —apb1 # 0, then the solution must be = 0 and the consequences are 0 = f(0) = ap and 0 = g(0) = by.

But this contradicts a1bg — agby; # 0. Therefore, if a1bs —asb; = 0 and agbs — agbg = 0, then a1b9 — agby = 0
must follow. These three conditions imply that (ag, a1, as) x (bo, b1,b2) = (0,0,0), so (bg, b1, b2) is a multiple



of (ap, a1, as) and the two quadratic equations were really only one equation. Now if ¢; # 0, we have reduced
the problem to the case n = 2 and m = 1. This was discussed in the previous subsection.

A variation is to compute asg(z) — baf(x) = (a2b1 — arb2)x + (a2bo — agb2) = 0 and by f(x) — a19(z) =
(agby — a1be)x® + (apby — a1bg) = 0. Solve for z in the first equation, x = (agbe — azbo)/(azby — a1be) and
replace in the second equation and multiply by the denominator term to obtain

(a2b1 — albz)(albo — aobl) — (G,Qbo — a0b2)2 =0.

3.3 General Case n >m

The elimination process is recursive. Given that the elimination process has already been established for
the cases with degrees smaller than n, we just need to reduce the current case f(x) of degree n and g(x) of
degree m < n to one with smaller degrees. It is assumed here that a,, # 0 and b,, # 0.

Define h(z) = by, f(x) — apx™ ™. The conditions f(z) =0 and g(x) = 0 imply that

0 = h(x)
= bnf(x) —ax™ Mg(x)
= b Yoo @it’ — apz™ ™ Y bt
= ST paibmat =3 agbat Tt
= S bt + 00 (@b — anbi_ (n—m)) "
where it is understood that 3 () = 0 (summations are zero whenever the upper index is smaller than

the lower index). The polynomials h(z) has degree at most n — 1. Therefore, the polynomials g(z) and h(x)
both have degrees smaller than n, so the smaller degree algorithms already exist to solve them.

4 Any Degree Equations in Any Formal Variables

A general system of polynomial equations can always be written formally as a system of polynomial equations
in one of the variables. The conditions for existence, as constructed formally in the last section, are new
polynomial equations in the remaining variables. Morever, these equations typically have higher degree than
the original equations. As variables are eliminated, the degree of the reduced equations increase. Eventually
the system is reduced to a single (high-degree) polynomial equation in one variable. Given solutions to this
equation, they can be substituted into the previous conditions of existence to solve for other variables. This
is similar to the “back substitution” that is used in linear system solvers.

5 Two Variables, One Quadratic Equation, One Linear Equation

The equations are Q(z,y) = ago+al0z+ag1y+asr?+a1zy+agy? = 0 and L(x,y) = bog+bior+bo1y = 0.
These can be written formally as polynomials in z,

flz) = (0420)902 + (a11y + a10)x + (a02y2 + ao1y + ago) = azx® + a1z + ag



and
g(z) = (Bro)x + (Bo1y + Boo) = b1z + bo.
The condition for existence of f(z) = 0 and g(x) = 0 is h(x) = hg + h1x + hoz? = 0 where

ho = o233y — 01600801 + 0B
hi = 10088 + 2002800810 — 11800801 — 01801510
he = 20088 — a11801B10 + 2028%.

Given a root z to h(xz) = 0, the formal value of y is obtained from L(z,y) =0 as y = —(boo + b102)/bo1-

6 Two Variables, Two Quadratic Equations

Consider two quadratic equations F(z,y) = ago + @10z + agr1y + ap? + a2y + agey? = 0 and G(z,y) =
Boo + Broz + Bory + Beox? + frizy + Bozy? = 0. These can be written formally as polynomials in z,

f(z) = (0420)952 + (1Y + aro) + (Oéozy2 + a0y + ago) = asx? + arx + ag
and
g(z) = (B20)7* + (B11Y + B10)x + (Bozy® + Bory + Boo) = bea® + b1z + by.

The condition for existence is
4

0= (a2b1 - albg)(albo — aobl) — (agbo — a0b2)2 = thyl = h(y)

i=0
where
ho = doodio — d3
hy = doidio + doodr1 — 2da0da:
hy = doidi1 + doodiz — d3; — 2daodas
hs = do1di2 + doodi3 — 2d21d22
hy = doidis —d3,
with
doo = az10 — Bo010
don = a1 — P01
dio = a10B00 — Broaoo
din = a11foo + @10801 — P11 — Brocor
diz = ai1for + @10fo2 — P11 — Proo2
dis = ai1fo2 — Priaoz
d2o = 20800 — B20000
dor = a1 — Poa0
dea = 202 — o002



For each root § to h(y) = 0, the quadratic F(x,y) = 0 can be solved for values . To make sure you have a
solution to both equations, test that G(z,g) = 0.

7 Three Variables, One Quadratic Equation, Two Linear Equa-
tions

Let the three equations be F(x,y,z) = D 0<itjih<2 iyl 2 Gz, y, 2) = D 0<ititk<l Bijrxtyl 2k, and
H(xz,y,z) = 20<i+j+k<1 Yty 2%, As polynomial equations in z, these are written as f(z) = agz®+ a1z +
ap =0, g(x) = bix + by =0, and h(z) = c12 + cg = 0 where

ap = Zogjﬂch ankyjzk
a = Yociircr 01ky 2"
a2 = (200
bo = Poioy + Booi1z + Booo
b1 = Sioo
co = 7010Y + Y0012 + Y000
1 = 7100

The condition for existence of xz-solutions to f =0 and g =0 is

0 = asb — arboby + aph? = Z dijy'z) =: D(y, z)

0<i+s<2
where
dao = 2008310 — Brooe1106010 + Bioo®020
di1 = 2a20060108001 — Broo(@1108001 + @101 8010) + Biooo11
doa = 2008501 — 1001018001 + Bioo002
dio = 2a20080108000 — Br00(a110B000 + @1006010) + Bigoo10
do1 = 220080015000 — B100(@1018000 + @1008001) + Bioe001
doo = 2008300 — B10021005000 + Bioo000

The condition for existence of z-solutions to g =0 and h =0 is

0 = bocy — bico = eroy + o1z + eoo =: E(y, 2)

where
et = Bo107Y100 — Yo106100
€1 = 0017100 — Yo015100
€00 = 0007100 — Y0005100



We now have two equations in two unknowns, a quadratic equation D(y,z) = 0 and a linear equation
E(y,z) = 0. This case was handled in an earlier section. For each solution (g, z), a corresponding x value is
computed by solving either G(x,4,z) =0 or H(x,y,z) = 0 for .

8 Three Variables, Two Quadratic Equations, One Linear Equa-
tion

Let the three equations be F(z,y,z) = Zo<i+j+k<2 iR’y ¥, Gz, y,2) = Zo<i+j+k<2 Bijka'y’ 2, and
H(x,y,z) = Zo<i+j+k<1 Yy 2%, As polynomial equations in z, these are written as f(z) = agz®+ a1+
ap =0, g(z) = bax? + b1z + by = 0, and h(x) = c12 + ¢y = 0 where

ap = Zo§j+k§2 O‘Ojkyjzk
a1 = 20§j+k§1 O413‘kyjzk
az = Q200
bo = Pocjin<a Bojry’ 2"
by = ZOSijkSl ﬁljkyjzk
by = (a0
co = 7010Y + Y0012 + Y000
1 = 7100

The condition for existence of z-solutions to f =0 and h =0 is

0=azc) — arcocs +aoct = Y dijy'z) =: D(y,2)

0<i+j<2
where
dao = 2007810 — V1001107010 + V00020
din = 220070107001 — Y100(Q1107001 + @101Y010) + Vo011
doz = 2007801 — V1001017001 + V00002
dio = 220070107000 — Y100(Q1107000 + @1007010) + V300010
dor = 220070017000 — Y100(@1017000 + @100%001) + 7120004001
doo = 2007800 — 10021007000 + V00000

The condition for existence of z-solutions to g =0 and A =0 is

0= 520(2) —bicocr + boC? = Z eijyizj =: E(y, 2)
0<it+j<2



where

€20
€11
€02
€10
€01

€00

We now have two equations in two unknowns, quadratic equations D(y,z) = 0 and E(y, z) = 0. This case
was handled in an earlier section. For each solution (g, Z), a corresponding x value is computed by solving

2 2
B2007510 — Y1008110Y010 + V1005020

2320070107001 — Y100(B1107001 + B1017010) + ViooSo11

B2007801 — V10031017001 + Yi00B002

23200010000 — 7100(51107000 + 51007010) + ’712005010

2320070017000 — Y100 (51017000 + B1007001) + Vi00S001

52007800 — 7100831007000 + 7%005000

F(z,7,z) = 0 for values Z. It should be verified that G(Z,y,z) = 0 and G(Z, 7, z) = 0.

9 Three Variables, Three Quadratic Equations

Let the three equations be F(z,y,z) = Zo<i+j+k<2 ijpr'y’2F, Gz, y,2) = Zo<i+j+k<2 Bijra'y’ 2, and
H(x,y,2) = Yo<ivjin<a Yty 2%, As polynomial equations in z, these are written as f(z) = agz®+ a1z +
ag =0, g(x) = bax? + byz + by = 0, and h(z) = co2? + 17 + co = 0 where

ago
aj
ag
bo
by
ba
Co
C1

C2

Zogﬂkgz ankijk
EOSjJrkgl fjéla'lclljzlC
@200

ZO§j+k§2 Bojry’ 2*
Do<irn<r Buiny’ 2F
B200

Zongrng ’Yojkyjzk
Zongrkgl ’Yljkyjzk

Y200

The condition for existence of x-solutions to f =0 and g =0 is

0= (a2b1 — albg)(albo — aobl) — (agbo — a0b2)2 = Z d”yzzk

0<i+j<4
where
The condition for existence of z-solutions to f =0 and h =0 is
2 i k
0 = (azc1 — arez)(arco — aper) — (azco — apea)” = Z eijy'z
0<itj<4

: D(y, 2)

: E(y, 2)



where

The two polynomials D(y, z) and E(y,z) are fourth degree. The equations D(y,z) = 0 and E(y,z) = 0
can be written formally as polynomials equations in y, d(y) = Z?:o 5yt and e(y) = Z?:o ;4" where the
coefficients are polynomials in z with degree(d;(z)) = 4 — ¢ and degree(e;(z)) = 4 —i. The construction for
eliminating y results in a polynomial in z obtained by computing the determinant of the Bézout matrix for
d and e, the 4 x 4 matrix M = [M;;] with

min(4,7—i—j)

M;; = E Wh,7—i—j—k

k=max(4—3,4—1)

for 0 <i<3and0<j <3, with w; j = ;75 — 05y for 0 <i <4 and 0 < j <4. In expanded form,

W4,3 W4,2 W4,1 W4,0
Wqa2 W32+ Wa1 W31+ Wao W30
Wq1 W31+ Wq0 W21+ W30 Wop

)

Wyq,0 w30 w20 w1,0

The degree of w; ; is 8 —i—j. The Bézout determinant det(M(z)) is a polynomial of degree 16 in z. For each
solution z to det(M(z)) = 0, corresponding values g are obtained by solving the quartic equation D(y, z) = 0.
Finally, corresponding values Z are obtained by solving the quadratic equation F(z,¥,z) = 0. Any potential
solution (Z, ¥, z) should be tested if G(z,¥,2z) =0 and H(Z,y,Zz) = 0.
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