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1 Discussion

A height field is specified by z = f(x,y) for points (x,y) in the zy-plane. The height at (z,y) is the z-value.
The three-dimensional position of a particle of mass m constrained to lie on the surface is

r= (xaya f(x7y))

Assuming that the surface is frictionless and the only force on the particle is gravitational, F = —mg(0,0,1)
where g > 0 is a constant, this document shows how to construct the equations of motion for the particle
using Lagrangian dynamics. Derivatives with respect to time are denoted by dots placed over the variables.
The velocity of the particle is
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where f, = 0f/0x and f, = 0f/0y are the first-order partial derivatives of the function f(x,y). The last
equality in the equation follows by applying the chain rule from calculus. The kinetic energy of the particle
is

m m . . .
K= 5\V|2 =5 (902 + 07+ (fod + fyy)Q) .

In the construction below second derivative quantities are & = d?x/dt?, § = d?y/dt?, fe. = 0°f/0x?,
Foy = 0f? /02y, and f,, = 02f /9y,
We have two Lagrangian equations of motion since the surface has two constraint variables, x and y. Formally
these equations are
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The partial derivatives of K are computed assuming x, y, &, and y are independent variables. That is the
kinetic energy is a function K(z,y,&,¥). The derivatives with respect to z and y are

oK . . . . 0K . . . .
%:m(fxwﬁ»fyy) (frzx+fmyy) and Cr;iy:WL(me='C+.fyy) (fmy$+fyyy)
The derivatives with respect to & and y are
0K . . . oK . . .
0 =m (& + (fo® + fy9) fz) and R =m (§+ (foi + fy9) fy)

The time derivatives consider all of z, y, &, and y to be functions of time. The first such derivative is
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The second such derivative is
% (%) = mli+ ad+ F0) Py + Fuu) + [fa + Fanio + Sy + fyi + (ot + L) Sy}
The left-hand side of the first Lagrangian equation is
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() = G =l PR Fufy Sl o)+ o+ i)



The left-hand side of the second Lagrangian equation is
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The right-hand sides of the Lagrangian equations are F - dr/0x = (0,0, —mg) - (1,0, f,) = —mgf, and
F-0r/0y = (0,0,—mg) - (0,1, f,) = —mgf,, respectively. The equations of motion are therefore,

(L+ f2)& + fofyii + Fol (foa + foy)d + (Foyd + Foy)i] = —9fa
Fofyd + (L4 £2)ii+ fy(Fra® + foy)® + (fayd + Fuy®)i] = —gfy

The second derivative terms appear implicitly. You can write these equations in matrix form,

L+ f2 fofy z o Joz  fay T fa
) I [ iy } |ty
The inverse of the matrix on the left-hand side is
1
L+ f2 fofy B 1 L+ [ —fufy
- 2 2
fofy 1412 VHEHIG | —fefy 1+
It is easily checked that
1+ fy2 7fmfy fz o fm
_fzfy 1 + ff fy fy

Multiplying the Lagrangian equations by the inverse matrix and using the identity in the last displayed
equation leads to

[ i g } foo  fay x ny
il foy  fyy ] fa
ij LHfa+ 1y fy

Now the second derivatives of x and y appear explicitly in the equations. You can procede, as usual, in
converting to a first-order system of four equations in the variables z, y, u = &, and v = g, followed by
applying your favorite solver for systems of ordinary differential equations.
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