Principal Curvatures of Surfaces
David Eberly

Geometric Tools, LLC

http://www.geometrictools.com/

Copyright (©) 1998-2008. All Rights Reserved.

Created: September 2, 1999
Last Modified: March 2, 2008

Contents

1 Maxima of Quadratic Forms

1.1 Maxima of Restricted Quadratic Forms . . . . . . . . .. ... ... ... ... .. ...,
2 Curvatures of Implicit Surfaces (1)
3 Curvatures of Implicit Surfaces (2)

4 Curvatures of Graphs


http://www.geometrictools.com/

1 Maxima of Quadratic Forms

Let A be an n x n symmetric matrix. The function @ : R” — IR defined by Q(v) = vT Av for |v| = 1 is called
a quadratic form. Since @ is defined on the unit sphere in R™ (a compact set) and since @ is continuous,
it must have a maximum and a minimum on this set. What is the maximum and at which vector is the
maximum attained?

Let v=>)" ¢;v; where Av; = \;v;, A\; <--- <\, and > ., ¢ =1. Then

1=1"

Q(v) = (i CiVZT> A icjvj = iicicjv?/lvj = i)\kci.
1=1 j=1 k=1

i=1j=1

The right-most summation is a convex combination of the eigenvalues of A, so its maximum is A,, and occurs
when ¢, = 1. Consequently, max Q(v) = A\, = Q(vy,).

1.1 Maxima of Restricted Quadratic Forms

In some applications it is desirable to find the maximum of a quadratic form defined on the unit hypersphere
S7~1. but restricted to the intersection of this hypersphere with a hyperplane N - x = 0 for some special
normal vector N. Let A be an n X n symmetric matrix. Let N € R" be a unit length vector. Define
Q : {N}* — R (the domain is the orthogonal complement of N) by Q(v) = vT Av where |v| = 1. Now
Q is defined on the unit sphere in the (n — 1)-dimensional space {N}*+, so it must have a maximum and a
minimum. What is the maximum and at which vector is this maximum attained?

Let vy through v,_; be an orthonormal basis for {N}+. Let v = Z;:ll c;ivi where Y7 ¢ = 1. Let

i=1Gi
Av; = Z;’;ll 0V +an; N where a;; = v;-fAvi forl1<i<n—1land1<j<n-—1, and where a,,; = NTAv,

for 1 <i<mn-—1. Then

n—1 n—1 n—1n-—1
Qv) = <Z CW?) A Z cjvy | = Z Z cicjaj = ¢t Ac =: P(c)
=1 i=1 i=1 j=1

where quadratic form P : R"™! — R satisfies the conditions for the maximization in the previous sections.
Thus, max Q(v) = max P(c) which occurs for ¢ and A such that Ac = Ac and ) is the maximum eigenvalue
of A. So

Z;‘L:_ll Qijc; = A¢

Z;:f CjVi = ACiV;

ST X5 angegvi = A v

2j=1 (E?:_f aijvi) ¢ =V

Z;lgll (Avj; —anjN) ¢ = Av

A (E}:ll CjVj) — (Z;:f anjcj) N = v
Av — (NTAV> N = \v

(I -NNT)Av = v,



Therefore, maxQ(v) = A\—1 = Q(vn—1) where \,_; is the maximum eigenvalue corresponding to the
eigenvector v,,_; of (I—INNT)A. Note that n—1 of the eigenvectors are in {N}+. The remaining eigenvector
is v, = A*¥N where AA*¥ = (det A)I and A,, = 0.

2 Curvatures of Implicit Surfaces (1)

Given an n-dimensional surface implicitly defined by F(x) = 0 where F : R"™* — R and VF(x) # 0, find
the curvature of the normal section determined by normal vector N = VF/|VF| and tangent vector T at x.

Let y(¢t) = x+tT + a(t)N where a(0) = 0 and o’(0) = 0. Then y'(¢t) = T+ a'(¢)N and y”(t) = a” (¢)N. The
curvature is the normal coefficient xp(x) = a”(0). Differentiating F'(y(t)) = 0 yields y'(t) - VF(y(t)) = 0,
so at t =0, T - VF(x) = 0. Differentiating again yields

y'(t)- D*F(y(t)y'(t) +y"(t) - VF(y(t)) = 0.
Evaluating at t = 0 yields
0=T'D*F(x)T +y"(0) - VF(x) = T"D?N(x)T + wp(x)N - VF(x),

" a D)
kp(x) =T WT.

To find the maximal curvature, note that s is a quadratic form restricted to the orthogonal complement
of N, so the results of the previous section apply. The maximum curvature is the maximum eigenvalue for

the eigensystem
;. VF VF T D*F
—|I- = KV.
VF|VE| ) VF

The maximum is attained at the corresponding eigenvector v.

3 Curvatures of Implicit Surfaces (2)

In standard differential geometry textbooks, hypersurfaces are described by a parameterization which is used
in obtaining principal curvatures and principal directions. In computational vision applications, typically one
obtains a surface as a collection of points with no underlying parameterization. Such surfaces are assumed to
be implicitly defined, so we also want to construct principal curvatures and principal directions for surfaces
defined as level sets of functions F' : R""" — IR. Assume that F is a C* function for which VF # 0. The
normal vectors to the surface are N = VF/|VF|.

CONSTRUCTION WITH PARAMETERIZATION. Let the surface be parameterized by position z : R" — R™ !,
say x = z(u). Define J = dx/0u, an (n+1) x n matrix which has rank n and satisfies the property NT.J = 0.
That is, the columns of J are a basis of the tangent space and are orthogonal to N at position z(u). The first
and second fundamental forms are given by the n x n matrices I = J¥.J and Il = —JTON/du, respectively.
The matrix representing the shape operator on the tangent space is S = I "'II. Consider the eigenvector
problem Sp = kp. Each eigenvector p is a principal direction. The corresponding eigenvalue & is a principal



curvature. The vector p is an n-vector given in terms of tangent space coordinates, but its representation in
R is € = Jp.

CONSTRUCTION WITHOUT PARAMETERIZATION. Define W = —0ON/0x, an (n+ 1) x (n + 1) matrix. We
claim that if Sp = kp, then ¢ = Jp satisfies W& = €. Firstly, we have I = JTJ. Secondly, by the chain
rule we have ON/Ou = (ON/0x)J, so Il = JYW.J. The eigenvector problem (I — xI)p = 0 is therefore
transformed to JT (W — kE)¢ = 0, where E is the (n + 1) x (n + 1) identity matrix and where £ = Jp.

Since J7T has full rank n, its generalized inverse is given by (JT)* = J(JTJ)~1. If p is a principal direction,
that is Sp = kp, then WJp = JSp = kJP, so £ = Jp is an eigenvector of W with corresponding eigenvalue
k. Conversely, if £ is an eigenvector of W, that is W¢ = k&, and £ is a tangent vector, say £ = Jp, then
JTe=p, JITE=JP =€, and

STTE = (JTWI)JTE = JTWE = rJTE,

so JT¢ is a principal directions with corresponding principal curvature x. Additionally, W has an identically
zero eigenvalue, but the corresponding eigenvector is not a tangent vector. This follows from the identity
W = (E — NNT)Hess (F)/|VF| which can be derived by explicitly computing ON;/0z; for N = VF/|VF|.
The eigenvector is adj( Hess (F))VF where adj indicates the adjoint of a matrix. A short computation shows
that W adj(Hess (f))VF = 0.

4 Curvatures of Graphs

Let f: R" — R, say f = f(x) where x € R". The graph of the function is parameterized by
y = (x, f(x)) e R"*.

Tangents to the graph are the derivatives of position,

_ Oy (. of
TZ - 8$i N <e“ 81‘1>

component is 1 and all other components are 0. The normal to the graph is

(va _]-)
VI+IVI?

where V f is the vector of first derivatives of f. Also note that

0%y (o 0% f
83:1-8:5]- o ’&Tié)xj '

where e; is the vector whose i*®

The metric tensor for the graph is

My = [y, vo,| = e e+ fuks,) = T+ VST

where I is the n X n identity matrix. The curvature tensor for the graph is

My = [N 3,0 ] = [foun VI VIE].



Principal curvatures and principal directions are the solutions to the eigensystem
Mov = kM;yv.
For the graph of f, the system is therefore

D2f

VIV

v=nr(I+VfVfhv.
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